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Abstract 


An  "arm”  ia  a  sequence  of  links  whose  endpoints  era  connected  consecu¬ 
tively  by  movable  joints.  The  location  of  the  first  endpoint  is  fixed.  This 
report  gives  a  polynomial  time  algorithm  for  determining  the  regions  that  each 
joint  can  reach  when  the  arm  is  restricted  to  a  circular  region  of  the  plane. 


!•  latrodBCtiQB 


In  an  earlier  report  L1J*  we  gave  a  polynomial  time  algorithm  for  deter¬ 
mining  whether  the  end  of  an  arm  can  reach  a  given  point  from  a  given  initial 
configuration  when  the  arm  is  restricted  to  a  circular  region  of  the  plene. 
In  this  report*  we  give  a  polynomial  time  algorithm  for  computing  the  boun¬ 
daries  of  the  each  joint  can  reach.  The  presentation  assumes  some 
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fsailarity  vith  the  earlier  report 


An  aoi  consists  of  a  sequence  of  n  links  Lj.....Ln  tbst  ere  hinged 
together  consecutively  st  their  endpoints.  The  links  any  rotate  treely  about 
their  joints  and  are  allowed  to  cross  over  one  another.  The  endpoints  are 
consecutively  labeled  Ao>. .. *AQ»  and  the  length  of  is  denoted  by  1^.  The 
location  of  Afl  rsaains  tired  in  the  plane. 

Consider  an  cab  adding  ot  the  an  inside  a  circle  C  vith  center  0*  radius 

r  and  diaaatar  d.  Let  Sj  be  the  set  of  points  to  which  Aj  can  be  aoved.  and 

let  R.  *  Cn8.  be  the  points  that  A.  can  reach  on  the  circle  C.  In  the  earlier 
3  J  J 

report  LI J •  we  shoved  that  Rj  consists  of  at  aost  two  arcs  of  C.  A  point  p  is 
on  the  of  S ^  it.  and  only  if.  each  neighborhood  of  p  contains  a  point 

that  belongs  to  Sj  and  a  point  inside  or  on  C  that  does  not  belong  to  8.. 
Romany  the  only  points  of  Rj  that  are  boundary  points  are  the  — of 
the  arcs. 


I 


We  will  show  that  for  each  j.  OSjdn.  the  boundary  of  Sj  can  be  covered  by 
a  finite  nuaber  of  circles.  Furtheraore.  the  nuaber  of  circles  needed  for  a 
given  joint  is  bounded  above  by  a  constant  that  does  not  depend  on  the  era  in 
any  way.  The  entire  process  of  coaputing  the  centers  and  radii  of  the  circles 
needed  for  each  joint  in  turn  is  p(n).  where  p(n)  is  a  polynomial  in  the 
masher  ot  links.  It  is  then  straight  forward  to  piece  together  the  actual 


boundary  of  each  region  Sj  once  a  set  of  covering  circles  has  been  found.  One 
begins  vith  the  circle  C  sad  selects  one  of  the  possible  boundary  circles, 
tests  whether  the  circle  is  in  tact  a  boundary  (using  the  algoritfaa  described 
in  llj)  and  if  so  intersects  it  with  the  circle  C  and  then  proceeds  with  the 
neat  possible  boundary  eircle. 
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The  proof  that  tAo  boundary  of  any  8 .  can  b«  covered  by  a  constant  number 

of  cirdaa  ia  quite  technical  and  involves  handling  nany  special  cases.  We 

% 

have  organised  the  details  into  several  sections  whose  contents  we  now  briefly 
outline. 

Section  2  considers  the  possibility  that  Aq  is  not  the  only  "fixed" 
joint.  By  our  definition  of  "arm".  kQ  is  the  only  joint  that  is  fastened  to 
the  plane.  However,  it  nay  be  that  other  joints  are  effectively  fixed  for 
geometric  reasons.  For  example.  AQ  nay  be  located  on  C.  and  the  first  link  Lj 
nay  have  length  equal  to  the  diameter  d  of  C  so  that  the  location  of  joint 
cannot  change.  Theorem  1  shows  that  there  is  a  joint  index  j  such  that  the 
location  of  A^  can  change  if.  and  only  if.  j<idn.  Furthermore,  this  index  can 
be  found  quickly.  This  result  takes  care  of  regions  consisting  of  single 
points  and  allows  ua  to  assume  without  loss  of  generality  that  Aq  is  the  only 
fixed  joint. 

8ection  3  introduces  "basic"  circles  and  "elbows".  Basie  circles  are 
natural  candidates  for  inclusion  in  a  cover  of  the  boundary  of  a  region  8 ^  by 
circles.  For  example.  C  itself  will  be  called  a  basic  circle.  Joints  are 
called  "elbows"  if  they  lie  oft  C  but  are  neither  straight  nor  folded.  If 
there  is  an  elbow  between  A^  and  A^,  then  the  location  of  A^  can  often  be  held 
fixed  while  A^  is  moved  to  points  in  an  open  set  containing  the  original  loca¬ 
tion  of  A^.  Hence  elbows  are  important  because  they  can  tell  us  that  a  joint 
is  not  on  the  boundary  of  its  region.  The  lemmas  given  in  Section  3  are  con¬ 
cerned  with  the  occurrence  of  elbows. 

In  8ection  A.  it  is  shown  in  Theorem  2  that  as  long  as  a  joint  A^  is  not 
on  a  "basic”  circle,  then  some  joint  Aj.  0  <  j  <  m.  must  be  on  C  if  A^  is  on 
the  boundary  of  its  region.  These  joints  on  C  can  be  thought  of  as  dividing 
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the  part  of  tlio  ant  between  and  A^  into  "segments".  Theorem  3  a  howl  that 
tho  intermediate  segments  eonsiit  of  straight  lines  of  links  while  tho  initial 
and  final  segments  nay  aach  hart  ona  joint  that  is  foldod. 

In  Section  5 •  the  possibility  that  the  final  segment  lias  on  a  diagonal 
of  C  is  handled  as  a  special  case.  This  special  ease  motivates  the  definition 
of  " supplanantary"  circles*  which  are  then  as stmed  to  belong  to  the  cowering 
sets  for  the  boundaries  of  the  regions.  The  nain  result  of  this  section  is 
Theoran  3*  which  lists  the  possible  configurations  for  the  part  of  the  ana 
between  Aq  and  Aa  when  A^  is  on  the  boundary  of  its  region  but  is  located  at  a 
point  not  cowered  by  a  basic  or  supplementary  circle. 

The  main  result  of  the  entire  paper*  the  tact  that  the  number  of  cowering 
circles  needed  is  bounded  by  a  constant  independent  of  the  arm*  is  given  in 
Theorem  6  of  Section  6.  The  proof  consists  of  handling  each  of  the  configura¬ 
tions  enumerated  in  Theorem  5.  The  machinery  needed  to  do  this  is  given  in 
Lemmas  6-8.  These  Lemmas  state  that  either  certain  inequalities  in  the 
lengths  of  links  hold*  or  certain  configurations  cannot  place  A^  on  the  boun¬ 
dary  of  8^.  These  inequalities  restrict  the  possibilities  for  the  last  joint 
A .  on  C  before  A^.  The  possible  locations  for  A^  then  become  centers  for  cow¬ 
ering  circles  of  radii  determined  by  the  final  segment  before  Am. 

Before  we  begin  the  technical  sections*  we  mention  two  notational 
matters,  first*  an  expression  such  as  "Joint  Aj  is  between  A^  and  A^"  usually 
means  that  i  <  j  <  k*  not  that  Aj  lies  between  A^  and  A^  on  the  line  they 
determine  in  the  plane,  inother  example  of  this  usage  is  "Joint  x  is  heyand 
or  ma&  joint  y*"  meaning  x  has  the  higher  index.  It  should  be  clear  from  the 
context  when  the  words  "between"  and  "beyond"  are  used  in  a  geometric  way. 
Second*  if  joints  A^  end  A^  are  connected  by  a  straight  line  made  up  of  links 
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I  Li+1 . . . . .L j .  we  will  denote  this  lias  of  links  by  LA^A.J  sad  ths  Isagth 

°*  tbi*  i*n*  bF  ILAjAjJI. 

|  X*  fia£ttouAifl&  £ha  isoxiUi  joaula 

i 

I 

Given  sa  era  with  AQ  fixed*  it  may  b«  ths  csss  that  certain  other  A.  are 
I  *  iassowable.  For  exaaple*  it  kQ  is  fixed  oa  C  and  1^  *  d.  then  certainly  the 

location  of  A,  cannot  chance.  Another  exsap le  of  sa  iaaovable  joint  beyond  A 
is  shown  in  Figure  1. 


I 

i 


Figure  1.  Joints  A0*Aj  cannot  news. 

In  general*  if  A  lies  at  a  point  distaaee  d  troa  C.  d  *  0  or  r«  and  if  1. 

O  0  0  1 

satisfies  •  d  -  d#  *  then  joints  A0*...»Ai  are  effectively 

fixed.  In  Zheorsa  1*  we  prove  that  the  1— mrable  joints  fora  a  consecutive 
sequence  froa  kQ  up  to  sosm  A^*  where  k  can  be  coaputed  in  tiae  oa  the  order 
of  a  polyaeaial  in  n.  After  proving  this  we  will  asstaM  without  loss  of  gen* 
erality  that  k*0  so  that  A^  sad  its  successors  srs  tree  to  aove. 

Z^MUi  L*  Suppose  an  era  is  constrained  to  aove  inside  s  circle  C  sad  that  x 
is  the  last  fixed  joint  of  the  ara*  i.e«*  the  last  joint  whose  set  of  reach* 
able  points  contains  only  one  elsaent.  Then  the  joints  (it  say)  between  kQ 


and  x  aunt  b«  fixed.  Furthermore*  x  can  he  found  in  p(n)  tine*  where  p  is  a 
polynomial  in  the  number  n  of  links. 

Proof i  In  L1J*  it  was  shown  that  an  arm  can  always  be  moved  to  a  certain 

"normal  form"  in  which  a  straight  line  of  links  LA  A,  J  stretches  iron  A  along 

OX  o 

a  radius  toward  C*  where  is  equal  to  or  less  than  the  distance  dQ 

from  Aq  to  C  but  1^+...+!^  is  greater  than  dQ.  (See  Figure  2.) 


Figure  2.  Ana  in  normal  form  A.  .  is  the  first  joint  for  which  !.♦... *i.  . 

exceeds  d^»  the  distance  between  A.  and  C.  1  11 

0  o 

The  joint  A^  may  or  may  not  lie  on  C*  depending  on  whether  lj*...+ljgd  holds 
with  equality.  However*  in  this  normal  form  all  joints  beyond  A.  lie  on  C. 


Hot*  that  if  1.  >d  .  perhaps  because  A  is  on  C,  then  A.  =A  and  the  line  of 
links  LA0A^J  is  empty.  Also  note  that  may  lie  on  the  diagonal  through  kQ 
even  though  it  is  too  long  to  fit  on  the  radius.  (See  Figure  1.)  Obviously* 
the  location  of  any  immovable  joint  must  be  consistent  with  this  normal  form. 
This  fact  is  useful  in  determining  vhich  joints  are  inmovable. 

If  A_  is  positioned  at  0*  the  center  of  C*  or  if  L+,.,+1  se  so  that 
o  1  no 

the  arm  at  best  can  just  reach  C*  it  is  obvious  that  the  last  immovable  joint 
A.  is  A  itself.  This  is  because  the  entire  arm  can  be  rotated  about  A  .  He 

K  O  O 

assume  from  now  on  that  A_  is  not  at  0  and  that  1.  +  ...+1  >d  .  He  also  assume 

o  l  n  o 

that  the  arm  has  been  moved  to  normal  form. 

tf*  begin  by  shoving  that  if  Aq  is  not  the  only  immovable  joint*  that  is* 

if  Aj^<*A^»  then  A^+J  and  all  its  predecessors  must  be  fixed*  where,  again*  Ai  is 

the  last  joint  such  that  1^  through  form  a  straight  segment  that  lies  on 

the  radius  through  A  when  the  arm  is  in  normal  form.  The  cases  A.=A  end 

O  1  o 

Aj*Aq  will  be  treated  separately. 

If  A^*Ao  but  A^=Ao  so  that  Aq  itself  is  the  last  joint  on  the  radius* 
then  either  must  cross  over  0  in  reaching  from  A^  to  Aj  on  C  or  I>2  must  be 
aa  long  as  the  diameter  d  of  C.  Otherwise*  all  joints  beyond  kQ  would  be  able 
to  move*  contradicting  the  assumption  that  A^*Aq .  If  crosses  over  0  or  if 
l2*d*  then  A^  is  fixed. 

If  A^*Ao  and  Ai*AQ  so  that  there  is  at  least  one  link  on  the  radius*  Li+1 

must  cross  0  in  reaching  from  4.  to  A^  on  C.  Otherwise*  all  joints  beyond 

Aq  would  be  able  to  move.  The  fact  that  crosses  0  implies  that  A.+j  is 

fixed  on  C*  as  it  cannot  move  closer  to  A  .  Also*  all  joints  between  A_  and 

o  o 

A...  are  fixed  because  they  can  move  neither  farther  from  A^  nor  closer  to 
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A^+j .  This  couplets#  th#  proof  that  If  W  Ai+1  and  all  it#  predacaaaora 


ara  fixed. 


Bov  aoto  that  if  A.  ia  any  immovable  joint  lying  on  C*  all  jointa  beyond 
Aj  can  move  unleaa  l^=d  or  lj+2*d.  Also  if  either  of  theae  condition#  ia 


aatiaf ied»  then  A^  ia  immovable.  Thia  implies  that  each  aueceaaor  of  A^+1 
up  to  A^  must  be  iiovable. 


ia  eaay  to  aee  that  A^  can  be  found  in  polynomial  tine.  U 


2.  gome  Prsl  inquiry 


Be  now  begin  the  determination  of  the  bounderiea  of  Sj.  In  light  of 
Theorem  1 .  let  ua  adopt  the  notation  that  Aq  io  tha  laat  tixad  joint  oL  Ahh 


Given  a  joint  A^  beyond  A0*  ve  vent  to  build  up  a  email  collection  of 
cirdea  vhoae  union  covera  the  boundary  of  the  aet  S_  of  point#  A_  can  reach. 

■  m 

In  order  to  find  auch  a  collection  quickly  and  easily,  xa.  do.  not  insist  that 

OBfill  AiXfilA  is  AllO  roll mrtinn  ggslSiB  O  S&BfldSU  point. 

There  are  four  circles*  not  necessarily  distinct*  that  it  is  natural  to 

place  ia  the  collection  iamediately  —  namely*  the  two  circles  centered  at  0 

vhoae  radii  correspond  to  the  minimum  and  maximum  distances  that  Aa  can  aove 

off  C*  and  two  circles  centered  at  k  vhoae  radii  are  obvious  bounds  for  the 

o 


minimal  and  maximum  distances  that  A.  can  aove  from  A  .  Theae  circles*  vhich 

I  o 

ve  ceil  hollo  ci*cina.  are  discussed  in  more  detail  belov. 


In  UJ  it  vs  shown  that  the  minimum  and  maximum  distances  that  a  joint 
ean  move  *•  e  w  can  be  computed  in  p(nj  steps*  where  p  is  a  polynomial  in  the 
number  of  liafcs.  Hence  the  first  two  basic  circles  can  be  found  quickly. 


WOttSaSM&ltfxtrZ 
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(Not*  that  on*  of  these  is  often  C  itself  and  that  the  other  may  consist  of 
the  point  0  considered  as  a  circle  of  zero  radius.)  Summing  the  lengths  of  the 
links  preceeding  A  gives  an  upper  bound  tor  the  maximum  distance  A.  can  move 
from  A  .  If  A  is  preceded  by  a  link  L.  that  is  so  long  that 

O  u  j 


i. 

j 


2  1.  >  0. 
i*l »i*j 


then  this  difference  gives  a  positive  lover  bound  for  the  minimum  distance 

betveen  A  and  A  ;  otherwise*  0  is  a  bound.  The  two  remaining  basic  circles 
o  in 

are  defined  to  be  the  circles  centered  at  Aq  with  these  radii*  which  are  easy 
to  coaqpute. 


Before  continuing  to  build  up  a  collection  of  circles  covering  the  boun¬ 
dary  points  of  S  *  we  first  need  to  observe  some  facts  about  joints.  These 

fit 

are  developed  in  Lemma*  1  through  3  below. 

Consider  a  joint  A^  that  doee  not  lie  on  the  circle  C.  If  L.  and 
form  a  0*(*360*)  v  180*  angle*  Aj  is  said  to  be  a  fold  or  a  atraight  joint. 
respectively.  If  A^  does  not  lie  on  the  circle  and  is  open  to  any  other 
angle*  it  is  called  an  aihow.  (It  is  important  to  note  that  the  definition  of 
an  elbow  requires  that  the  joint  not  be  on  C.)  The  next  lemma  gives  a  simple 
but  fundamental  observation  about  elbows. 


T-«—  1:  Suppose  that  no  joint  strictly  betveen  A^  and  A^  lies  on  circle  C 

but  that  some  joint  A.  betveen  them  is  an  elbow  (A.  and  A.  may  or  may  not  lie 

J  1  * 

on  C.)  Then  the  location  of  A^  can  be  held  fixed  while  A^  is  moved  to  all 
those  points  in  some  open  bail  centered  at  A^  that  do  not  violate  the  minimum 
and  distances  that  A^  can  be  located  from  the  circle.  (See  Figures  3a 

and  b.) 


Lik.fe  8 


•Jill 


■  VA 


A-v. 


Figure  3*.  The  elbow  at  A.  enables  A^  to  reach  the  points  in  the  shaded  area 
while  the  location  ot  A^  remains  fixed. 


Figure  3b.  Link  L  is  so  long  that  A^  cannot  reach  any  points  inside  the 
dashed  circle. 

Proof :  Note  that  the  distance  between  A^  and  A^  can  be  both  increased 
and  decreased  by  adjusting  the  angle  at  A^.  Simultaneously*  the  entire  confi¬ 
guration  of  links  between  A^  and  A^  can  be  rotated  about  A^»  provided  that  the 
links  beyond  A^  do  not  prevent  this  motion.  But  LI J  showed  that  the  links 
beyond  a  given  joint  never  constrain  its  motion  along  any  path  that  stays 
within  the  minimum  and  maximum  distances  that  the  joint  can  be  located  oft  C. 
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Another  basic  observation  is  that  a  fold  can  sonatinas  ba  turned  into  an 
elbov. 

2.:  Suppose  that  u  and  v  era  tvo  joints  of  an  arm  encloaed  in  circle  C 
and  that  all  joints  between  u  and  v  are  straight  with  one  exception*  x*  which 
is  a  folded  joint  not  lying  on  C.  If  the  lines  of  links  LxuJ  and  LxvJ  from  x 
to  u  and  x  to  v  are  not  equal  in  length  and  if  the  longer  contains  at  least 
two  links*  then  an  elbow  can  ba  created  at  x  without  changing  the  locations  of 
u  and  v.  If  tne  lines  LxuJ  and  LxvJ  (possibly  of  equal  length)  **ch  contain 
at  least  two  links*  then  again*  x  can  be  turned  into  an  elbow  without  moving  u 
and  v.  (See  Figure  4.) 

Front t  If  I LxuJ I  *  I LxvJ I*  the  second  statement  is  obvious.  It  I LxuJ I  * 
I  LxvJ  I*  let  the  line  LxuJ  be  the  longer  one*  and  let  y  be  a  joint  between  x 
and  u.  With  the  locations  of  u  and  v  fixed*  the  line  LyuJ  can  be  rotated 
about  u.  forcing  y  to  move  sway  from  v.  This  can  be  done  because  y  can  be 
moved  away  from  v  by  opening  x.  and  at  the  same  time*  the  configuration 
between  v  and  y  can  be  rotated  about  v  to  keep  y  on  a  circle  of  radius  I  LyuJ  I 
centered  at  u.  U 


a)  ICxyJI  S  I LxvJ I  b)  ILxyJI  >  ILxvJI 


Figure  4.  Creating  an  elbow  at  x. 

▲  final  basic  observation  is  that  an  elbow  can  be  created  from  two  folds 
that  are  joined  by  a  straight  line  of  links  unless  the  line  consists  of  a  sin* 
gla  "long"  link. 


T«— »«  1:  Let  u  end  v  be  joints  of  en  era  embedded  in  e  circle  C.  Suppose  ell 
joints  strictly  between  u  end  v  ere  streight  with  two  exceptions*  which  ere 
folds.  Then  the  locetions  of  u  end  v  cen  be  held  fixed  while  the  era  is  moved 
to  creete  en  elbow  between  u  end  v  unless  the  folds  ere  joined  by  e  single 
link  thet  is  et  leest  es  long  es  the  sua  of  the  lengths  of  ell  the  other  links 
between  u  end  v. 


Proof :  Let  x  end  y  be  the  folds*  end  let  u*  x*  y*  v  be  the  order  of  the 
joints  in  the  era.  First*  suppose  thet  ILuxjl  2  UxyJI.  (See  Figure  5e.) 


e)  ILuxJI  2  ILxyJI 


b)  ILuxjl  <  ILxyJI  end 

ILxyJI  <  ILuxJI  ♦  ILyvJI 


7  v 

c)  ILxyJI  2  ILuxJI  ♦  ILyvJI 


Figure  5.  A  Peir  of  folds.  An  elbow  cen  be  crested  between  u  end  v  except 
in  c)  when  LxyJ  is  s  single  link. 


Then  the  locetions  of  u  end  v  cen  be  kept  fixed*  end  elso  ell  engles  except 
those  et  u*  x*  y*  end  v  cen  be  kept  fixed*  while  LyvJ  is  roteted  ebout  v. 
This  is  beceuse  y  will  be  moving  MMMX  from  u*  which  cen  be  sccomplished  by 
opening  the  folded  joint  x  into  en  elbow.  The  conf iguretion  between  u  end  y 
cen  be  roteted  ebout  u  to  give  y  the  proper  enguler  displecement  with  respect 
to  u  end  v. 


Now  suppose  thet  ILuxJI  <  ILxyJI  end  thet  ILxyJI  <  ILuxJI  ♦  ILyvJI.  (See 
Figure  5b.)  Then  while  the  locetions  of  u  end  v  ere  held  fixed*  LuxJ  cen  be 
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rotated  about  u.  which  sores  z  sway  froa  v.  by  unfolding  y  into  an  elbow  and 
rotating  tho  configuration  batwaon  v  and  z  about  v. 

Tha  only  ranaining  poaaibility  is  that  llzyJI  k  ILuxJI  +  ILyvJI.  as  shown 
in  figure  3c.  Than  an  albow  can  ba  eraatad  unless  z  and  y  are  joined  by  a 
single  link.  U 

Corollzm  Let  u  and  y  ba  joints  of  an  aru  sub  added  in  a  circle.  8uppose  all 
joints  strictly  between  u  and  y  are  straight  joints  or  folds.  If  there  are 
three  or  wore  folds  between  u  and  v*  then  the  locations  of  u  and  y  can  be  held 
fized  while  the  ana  is  wowed  to  create  an  elbow  between  u  and  v. 

Ssafli:  Let  e.  f.  and  g  be  the  first  three  folds  past  u  between  u  and  w. 
Let  h  be  the  nezt  fold  past  g  if  one  ezistss  otherwise*  let  h  be  w.  If  an 
elbow  cannot  be  created  between  u  and  w*  then  Lanwa  3  applied  to  u*  e*  f  and  g 
shows  that  ILefJI  >  IlfgJI.  But  Lewwa  3  applied  to  e*  f*  g  and  h  a  bows  that 
ILfgJI  >  ILefJI*  a  contradiction.  (J 

4.  Segments 

How  we  are  ready  to  continue  studying  the  boundary  of  S^*  nX).  In  this 
section*  we  show  that  when  a  configuration  of  the  arm  places  A^  on  the  boun¬ 
dary  of  S  but  not  on  a  basic  circle*  the  part  of  the  arw  between  A  and  A 
•  OB 

divides  into  an  initial  segment  reaching  froa  kQ  to  C*  possibly  sows  inter¬ 
mediate  segments  between  joints  on  C*  and  a  final  segment  reaching  froa  a 
joint  on  C  to  A^.  The  intermediate  segments  consist  of  straight  lines  of 
links*  but  the  initial  and  final  segments  may  each  contain  a  joint  that  is  not 
straight.  The  nezt  theorem  shows  that  there  must  be  a  joint  between  AQ  and  A^ 
that  lies  on  C. 
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&  If  tli#  an  ha#  b##n  moved  ao  tbat  A  lie*  on  the  boundary  of  Sa 
but  doaa  not  lia  on  a  baaie  circle,  than  sob#  joint  strictly  batvaon  A_  and 
■mat  lia  on  circla  C. 

Proof  t  Suppose  that  there  is  no  joint  A^»  0<i<U,  that  lias  on  C.  Since 
▲B  is  on  the  boundary  of  $a  but  not  at  its  nininuu  or  maximum  distance  iroai  C, 
Lena  1  implies  that  there  can  be  no  elbows  betveen  k  and  A.  and  the  corol- 
lary  to  Lenna  3  implies  that  there  can  be  no  more  than  tvo  folds.  There  can* 
not  be  exactly  tvo  folds  betveen  Aq  and  A^,  since  it  follows  from  Leans  3  that 
A  would  be  aa  close  as  possible  to  A.*  contradicting  the  aeeunption  that  A. 

B  O  B 

is  not  on  a  basic  circle.  There  cannot  be  exactly  one  fold  betveen  kQ  and  Aa 
aa  the  longer  straight  line  of  links  would  be  either  a  single  link,  putting  Aa 
on  a  basic  circle,  or  a  multiple* link  line,  which  according  to  Lana*  2  allows 
the  formation  of  aa  elbow.  On  the  other  hand,  it  all  the  joints  betveen 

>  kQ  and  Aa  were  straight.  Aa  would  be  on  a  basic  circle.  U 

Suppose  that  the  arm  has  been  sowed  so  tbat  Aa  is  on  the  boundary  of  Sa 
|  but  not  on  a  basic  circle.  Then  A^  is  not  on  C  but.  according  to  Theorem  2. 

we  can  find  some  last  joint  betveen  kQ  and  Aa  that  is  on  C.  We  will  say  that 
the  links  betveen  this  last  joint  and  Aa  torn  the  f*«ai  aL  JLhk  canfi- 

|  yuratian  hafara  Aa»  or  simply,  the  final  «f— nt ■  Similarly,  we  will  say  that 

the  links  betveen  Aq  and  the  first  joint  havand  AQ  on  C  form  the  initial  »q- 
■uU.  of  the  configuration.  (Sere.  kQ  may  or  may  not  be  on  C.) 

I 

It  is  clear  from  T sums a  1.2.  and  3  that  gfed  final  jj,  nada  OJL  aL 

> 

I 

MithMX*  a  itsiitkL  list  xiAlu  in  a  joint  ^  £  aa  a  aa  a  liult  luk  im 

i 

A  4a iaL  SA  &  AA  A  fold  IhAL  ia  fnllavad  hX  A  HXAilbL  Iua  fli  jjjki  Aa  Aa.  In 
either  case,  the  final  segment  lies  along  a  line.  The  next  lemma  will  help  us 
to  show  that  if  Aa  is  on  the  boundary  of  $a  but  not  on  a  basic  circle*  then 
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the  conf  iguration  of  the  arm  has  no  elbows  anywhere  bafora  ku  and  only  two 
joints  that  night  ba  folds.  Also*  it  mill  anabla  ns  to  traat  tha  possibility 
that  tha  final  sagnant  lias  on  a  diagonal  of  G  as  a  apacial  eaaa. 

Imm*  At  Suppoaa  that  an  arm  haa  baan  nor  ad  to  a  position  that  placss  lg  on 
tha  boundary  of  Sa  but  not  on  a  basic  cirda.  If  tha  final  sagnant  bafora  A^ 
bag  ins  at  A^  on  C  and  lias  on  a  diagonal  of  C,  than  R^»  tha  arc  of  S^nC  to 
which  A^  belongs,  consists  of  a  single  point. 

ttOflis  Since  At  does  not  lie  on  a  basic  circle*  A^  cannot  ba  located  at 
0.  For  tha  same  reason*  if  A^  lias  on  tha  opposite  side  of  0  from  A^»  tha 
final  sagnant  nust  ba  a  multiple- link  straight  line.  Bat  than  Aa  cannot  ba  on 
tha  boundary  of  S^  unless  1^  is  a  single  point.  To  sea  this*  note  that  tha 
distance  between  and  C  can  ba  decreased  by  rotating  the  final  sagnant  about 
A±  and  that  it  can  ba  increased  by  banding  a  joint  in  tha  final  sagnant.  (Sea 
Figure  6a. )  Also*  LA^J  can  ba  rotated  about  A^*  and  A^  can  be  repositioned 

V 

along  Rj.  to  naha  A^  sweep  out  arcs  of  circles.  (Saa  Figure  6b. )  Taken 
together*  these  circular  arcs  cower  an  open  ball  centered  at  the  original 

V 

position  of  Aa  unless  R^  is  a  single  point.  (It  nay  not  be  possible  to  slide 
At  along  R^  without  rumoring  A£  from  C.  Nevertheless.  Ai  can  be  repositioned 
anywhere  along  R^*  *  and  the  orientation  of  LA^A^J  can  be  restored  to  achieve 
the  sene  effect.  See  L1J.) 

Suppose  Am  lies  between  A^  and  0  and  that  the  final  sagnant  is  a  single 
link.  If  R^'  is  not  a  single  point*  then  A^  can  be  noved  along  arcs  of  cir¬ 
cles  centered  at  0  and  having  radii  at  least  r-ILAjA^Jl.  (See  Figure  7a.)  This 
is  because  LA^A^J  can  be  rotated  about  A^  to  nova  A^  farther  from  0*  and  then 
A^  can  be  repositioned  along  R^'  with  LAjA^J  in  its  new  angular  position.  To 
contradict  the  assumption  that  A^  is  on  the  boundary  of  S^,  it  remains  only  to 
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tills  way,  A^  css  reach  the  points  on  ths  dashed  arcs. 

figure  6.  A  final  segaant  that  is  a  nrultiple-iink  straight  lisa  on  the  diag- 
onal  with  0  between  A.  and  A  *  where  R. '  extends  counterclockwise 
(and  possibly  elockwirej  t row  the  initial  location  of  A^. 

show  that  Aa  can  reach  the  neighbors  of  its  initial  location  that  lie  outside 

the  circle  of  radius  iLA^JI  centered  at  the  initial  location  p1  of  A^. 


To  prove  that  A  can  reach  its  neighbors  outside  the  circle  centered  at 


c)  Ai  *i  d)  Pi 


Figure  7.  km  lias  batman  aad  0*  aad  tha  final  aagnant  ia  a  aingle  link. 

p^»  va  now  eonaidar  tha  poaaibilitiaa  for  tha  configuration  of  and  L^. 

If  doaa  not  lia  on  tha  diagonal*  or  if  1^  doaa  lia  on  tha  diagonal  but  haa 
length  no  grantor  than  tlAjA^JI*  than  LA^J  can  ba  rotatad  about  Ai  while  tha 
configuration  batwaan  A^  aad  Aa  ia  rotatad  about  A^ .  In  thia  way*  ig  can 
nowe  along  area  of  cirelaa  cantered  at  A^j  •  aa  ahown  in  Figurea  7b  end  7c. 

Wow  we  can  aasune  that  Li  liaa  on  tha  diagonal  aad  that  I^ILAjA^J  I . 
Since  wa  are  aaaoning  that  A  ia  not  on  a  baaic  circle*  A.  ,*A  aad  l.»ds 


otherwise*  km  would  be  u  clots  at  possible  to  kQ  or  to  0*  respectively*  If 
A^j  is  an  elbow*  then  toe  configuration  between  «od  A^  can  be  rotated 
about  A^j  ****!•  CAJL^J  is  rotated  about  A^.  This  situation  is  similar  to  the 
one  shown  in  figure  7b.  Xf  A^..  is  a  straight  joint*  this  joint  can  be  bent 
to  novo  A^  closer  to  0.  If  LA^A^J  is  simultaneously  rotated  about  A^.  Am 
reaches  its  neighbors  outside  the  circle  centered  at  p^»  as  shown  in  Figure 
7d. 

How  we  can  assume  that  A^_^  is  a  told  and  lies  at  the  end  of  a  straight 
line  of  links  LA^A^jJ  that  begins  at  sobm  predecessor  A^  of  A^  . .  ly  Lammas 
1  and  3*  A^  is  not  on  the  boundary  of  3m  it  A^  is  a  fold.  If  Az  is  an  elbow* 
we  are  again  in  a  situation  similar  to  the  one  shown  in  Figure  7b.  He  can 
assume  that  Az  does  not  lie  on  C  (on  top  of  Ai>  because  in  that  situation*  we 
could  keep  the  location  of  k±  and  Az  fixed  and  rotate  L£  and  LA^A^J  off  the 
diagonal*  a  situation  that  has  already  been  discussed.  This  completes  the 
proof  of  the  theorem  tor  the  situation  in  which  A^  lies  between  Ai  and  0  and 
the  final  segment  is  a  single  link. 


Ai  “  ?! 

rl*«r.  8.  Th.  final  aatnant  ha.  a  fold  ac  A.  .  and  plaeaa  A  batvaan  p  and 


If  Am  lias  between  A.  and  0  and  the  final  segment  is  a  straignt  line  of 
links  containing  nor  a  than  one  link*  than  cannot  ba  on  the  boundary  of  S^. 
This  is  because  the  arguement  that  va  just  prasantad  for  a  single  link  shows 
hov  to  reach  points  in  a  neighborhood  outside  the  circle  cantered  at  Pi  of 
radius  ICA.A.JI  and  the  argument  given  earlier  whan  A_  reached  beyond  0  shows 
how  to  reach  points  closer  to  p^. 

finally*  suppose  that  AB  lies  between  A^  and  0  and  that  the  final  segment 

has  a  fold  at  A.^, .  If  R. '  is  not  a  single  point*  then  A  can  be  moved  to 
1+1  1  1 

reach  the  neighbors  of  its  initial  location.  To  see  this*  rotate  the  final 
segment  about  p^  to  an  off-diagonal  position.  How  rotate  LA^jA^J  about  A.^ 
to  increase  and  decrease  the  distance  between  A_  and  0  while  simultaneously 
repositioning  A^  along  R^1 .  (See  figure  8.) 

In  every  case*  we  have  found  that  R^*  must  be  a  single  point.  LI 

How  we  can  describe  the  general  form  of  a  configuration  that  places  Aa  on 
the  boundary  ot  3^  but  not  on  a  basic  circle. 

Thaonw  l:  Suppose  that  an  arm  has  been  moved  to  a  configuration  that  places 

A  on  the  boundary  ot  S_  but  not  on  a  basic  circle.  Let  A.  be  the  first  joint 

beyond  Aq  on  C*  and  let  Aj  be  the  last  joint  before  A^  on  C.  Then  all  joints 

between  A  and  A  that  do  not  lie  on  C  are  straight*  with  the  possible  excep- 
o  ■ 

tions  of  A^  and  A^+1.  If  A^  and  A^+1  are  not  straight*  then  they  must  be 
folds. 

Proof!  As  noted  previously*  Lsmmas  1*2  and  3  imply  that  the  final  seg¬ 
ment  is  as  described  in  the  statement  of  the  theorem.  If  an  elbow  appears 
before  Aj*  then  it  leads  to  a  joint  on  C  that  by  Lamma  1  is  not  at  an  endpoint 
of  the  sxc(s)  it  can  reach  on  C.  This  means  that  A.  is  also  at  an  interior 
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point  of  its  arc.  By  Loom  4.  tbs  final  segment  cannot  lis  on  a  diagonal  of 

C.  But  tbs  final  logman t  can  bo  rotated  about  A.  to  both  increase  and 

decrease  tbe  distance  between  A_  and  C.  Then  since  A.  is  at  an  interior  point 

a  j 

of  its  arc*  A.  can  be  repositioned  along  C  so  that  A  sweeps  out  ares  of  cir- 
J  « 

cles  that  cover  a  neighborhood  of  its  original  position.  (See  Figure  9.)  This 
contradicts  the  assumption  that  A_  is  on  the  boundary  of  S  .  Hence  there  are 
no  elbows  before  A  . 

m 


Figure  9.  A.  is  at  an  interior  point  of  £.'•  and  the  final  segment  is  oft 
the  diagonal*  so  A^  does  not  lie  nn  the  boundary  of  S^. 

For  the  saaa  reason  that  there  are  no  elbows  before  A  *  there  can  be  no 

a 

folds  connected  by  straight  lines  of  equal  length  to  superimposed  joints  on  C. 

Lemma  3  and  its  corollary  show  that  there  cannot  be  two  or  more  folds  between 

joints  on  the  circle  or  between  kQ  and  A^.  Finally*  Lemma  2  shows  that  if 

there  is  a  told  between  A^  and  A. *  it  aust  be  A,  . .  U 

o  i  i-i 

1*  Goaf  ignzAtifliu  a  on  Aha  flanmUq  aJL  s 

m  m 


The  next  theorem  will  help  us  to  treat  the  situation  in  which  the  final 
segment  lies  on  a  diagonal  of  C  as  a  special  case.  Atter  that  case  has  been 


handled*  ve  will  enunerate  fcha  configurations  haring  Am  on  the  boundary  of  Sa. 

fllflUi  ki  Suppoao  that  an  an  has  boon  noved  to  a  position  that  places  A@  on 
the  boundary  of  S_  but  not  on  a  basic  circle  and  that  the  final  segnent  before 

■I 

A  lies  on  a  diagonal  of  C.  Then  the  initial  segnent  consists  of  a  single 

WL 

link.  1^*  which  is  connected  directly  to  the  final  segnent. 

Proot:  By  Theorsn  2*  there  is  at  least  one  joint  between  Aq  and  A^  that 
lies  on  C.  Let  A^  and  Aj  be  the  first  and  last  such  joints.  According  to 
Theorsn  3*  A^  and  A^  are  the  only  joints  oft  C  that  nay  not  be  straight* 
in  which  case  they  nust  be  folds.  Also*  the  arc  of  containing  Ai  oust  be  a 
single  point  because  by  Lsnna  A*  the  are  of  R.  containing  A.  is  a  single 
point.  This  has  several  consequences.  First*  if  the  initial  segnent  does  not 
lie  on  a  diagonal*  it  nust  consist  of  a  single  link.  Second*  Aq  cannot  be  at 
0.  Third*  if  the  initial  segnent  lies  on  a  diagonal  of  C*  it  cannot  be  a 
nul tip la- link  straight  line  longer  than  r»  the  radius  of  C*  nor  can  it  hare  Aq 
positioned  between  A^  and  0  and  a  fold  at  A^. 

Assume  that  the  initial  segnent  lies  on  the  diagonal.  If  0  lies  between 
A.  and  A  *  then  the  initial  segnent  cannot  hare  s  fold  at  A.  .  or  be  a  single 

1  O  1“A 

link  because  A^  would  be  fixed*  contradicting  the  assunption  that  kQ  is  the 
last  fixed  joint.  Since  we  have  already  ruled  out  s  multiple- link  straight 
line  longer  than  r*  ve  conclude  that  0  cannot  lie  between  A^  and  Aq.  Thus  if 
the  initial  segnent  lies  on  the  diagonal*  kQ  nust  lie  between  A^  and  0.  In 
this  situation  ve  have  already  ruled  out  the  possibility  that  Aq  is  at  0  and 
the  possibility  that  the  initial  segnent  has  a  fold  at  A._j.  Hence  if  the 
initial  segnent  lies  on  the  diagonal*  it  nust  be  a  straight  line  of  links  of 
length  less  than  r. 


v  v  t-x 
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Whether  the  iaitiel  segment  is  s  line  of  links  lying  on  s  radius  of  C  or 
a  single  off-diagonal  link,  Aj  (the  last  joint  before  Affl  on  C}  oust  be  A^. 
Otherwise*  the  first  intermediate  segment  would  have  to  be  a  diagonal  chord  in 


order  to  prevent  its  second  endpoint  from  being  able  to  move  on  C.  In  fact, 
this  diagonal  chord  would  have  to  be  the  single  link  *  but  then  A^+1  would 
be  a  fixed  joint. 

To  prove  the  theory*  we  now  need  only  to  rule  out  the  possibility  that 
the  initial  segaent  is  a  multiple-link  straight  line  lying  on  a  radius.  Sup¬ 
pose*  for  the  purpose  of  contradition*  that  this  is  the  case.  If  the  final 
segaent  bad  a  fold  at  A^  =  Ai+^*  then  Lena  3  could  be  applied  even  though 


A.  lies  on  C*  because  A.  cannot  aove  beyond  C  even  when  C  is  moved.  But 
J  3 

Laaaa  3  would  iaply  that  A^  lies  on  a  basic  circle.  It  is  obvious  that  the 
final  segaent  could  not  be  a  multiple- link  straight  line.  If  the  final  seg¬ 
ment  consisted  of  a  single  link  L..,  *  L  ,  A  would  lie  on  a  basic  circle  if 

J^A  m  m 

L  +1  reached  as  far  as  Aq,  and  on  the  other  hand*  L^+j  could  be  rotated  about 
Aa  to  fora  an  elbow  if  did  not  reach  to  AQ.  This  rules  out  all  possibil¬ 
ities  tor  the  final  segaent.  Hence  the  initial  segment  consists  of  one  link 
if  it  lies  on  a  diagonal.  U 

It  follows  from  Theorem  4  that  if  the  final  segment  lies  on  a  diagonal  of 

C*  then  A  lies  on  one  of  at  most  four  "supplementary”  circles  that  we  are 
m 

about  to  describe.  Note  that  in  this  situation*  there  are  at  most  two  possible 

locations  for  A^»  corresponding  to  the  two  possible  orientations  for  (see 

LI  J  for  the  definition  of  orientation}.  Then*  for  a  fixed  position  of  Aj ,  Affl 

m 

lies  on  s  circle  centered  at  A,  of  radius  either  2  1.  or*  when  positive* 

l  j=2  * 

m 

1  -  2  1..  This  defines  at  most  four  circles*  which  we  call  mypimMtifv. 

2  j*3  J 
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Ttcm  no w  on.  we  uiuu  time  A^  is  noitnor  on  s  basic  circls  nor  on  s  supple¬ 
mentary  circle  so  Chet  ve  need  only  concern  ourselves  with  situations  in  which 
ttm  liiai  innt  htforg  ab  do»s  not  iaa  an  n  diagonal  &  £. 

In  the  next  lane*  we  list  several  configurations  that  can  be  moved  to 

foot  elbows  without  ever  changing  the  location  of  their  endponts.  Thus  by 

Theorem  3*  these  configurations  cannot  occur  between  A  and  A  it  A  is  on  the 

o  mm 

boundary  of  S  but  not  on  a  basic  circle.  Then  we  will  use  these  forbidden 

m 

configurations  in  enumerating  the  possibilities  for  the  whole  configuration  of 


the  arm  from  A  to  A  • 
o  s 


In  what  follows*  we  will  use  the  expression  xy  to  denote  the  infinite 
line  determined  ty  points  or  joints  x  and  y.  As  before.  LxyJ  will  denote  a 
straight  line  of  links  connecting  joints  x  and  y. 

L MBA  1:  In  each  of  the  conf igurations  shown  in  Figure  10.  the  locations  of 
the  two  endpoints  can  be  kept  fixed  while  the  configuration  is  moved  to  form 
an  elbow. 


Ib.  luvj  lies  oft  the  diagonal, 
v  is  folded,  and  llxvj l>lluvj I 
it  luvj  is  a  single  link. 


Ia.  Luvj  lies  off 
the  diagonal. 


I la.  LvxJ  lies  off 
the  diagonal . 


lib.  LvxJ  lies  off  the  diagonal, 
v  and  x  are  folded,  and 
y  liea  beyond  u. 


He.  LvxJ  lie*  off  the  diagonal.  III.  LxyJ  lies  off  the  diagonal, 
and  v  is  folded. 


Figure  10.  Configurations  that  give  rise  to  elbows.  Arrows  indicate  the 
angular  range  for  a  line  of  links.  A  sharp  tip  indicates  that 
the  endpoint  of  the  arc  belongs  to  the  range,  and  a  round  tip 
indicates  that  it  does  not.  Ho  order  is  implied  by  the  letters 
at  joints:  u  could  cone  before  or  after  v.  There  may  be  addi¬ 
tional  joints  between  the  ones  that  appear  in  the  figure.  A 
dashed  extension  of  a  link  indicates  that  its  endpoint  may  lie  on 
C. 

Proof !  in  la  and  lb.  the  locations  of  u  and  x  can  be  held  fixed  while 
LuvJ  is  rotated  about  u.  This  requires  that  v  move  closer  to  x.  which  can  be 
accomplished  by  creating  an  elbow  between  v  and  x.  In  lb.  it  LuvJ  contains 
more  than  one  link,  v  can  be  moved  straight  toward  u  and  x  by  creating  an 
elbow  between  x  and  v  and  between  u  and  v.  Hence  LxvJ  need  not  be  longer  than 
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LuvJ  in  this  case. 

In  Ila*  b.  and  c»  the  locations  of  u  and  y  can  be  held  fixed  while  LxyJ 
is  rotated  about  y.  This  requires  that  x  move  away  from  u.  which  can  be 
accomplished  by  opening  the  joint  at  v  while  simultaneously  rotating  LuvJ 
about  u. 

In  III*  the  locations  of  u  and  x  can  be  held  fixed  while  LxyJ  is  rotated 
about  x.  If  u  and  0  lie  on  opposite  sides  of  xy  (the  infinite  line  determined 
by  x  and  yj*  then  y  must  move  sway  from  u.  This  can  be  accomplished  by  open*- 
ing  the  joint  at  v  while  simultaneously  rotating  LuvJ  about  u.  If  u  and  0  lie 
on  the  same  side  of  xy*  then  y  must  move  toward  u.  This  can  be  accomplished 
by  closing  the  joint  at  v  while  simultaneously  rotating  LuvJ  about  u.  If  u 
lies  on  xy  between  x  and  y*  at  x*  or  on  the  opposite  side  of  x  from  y»  then  y 
must  either  move  away  from  u*  remain  at  the  same  distance  from  u»  or  move 
closer  to  u.  respectively.  The  important  point  is  that  the  required  rotat'* 
of  LuvJ  about  u  moves  v  closer  to  0.  U 

Lemma  S  gives  configurations  that  cannot  appear  between  Ap  and  A^  in  any 

configuration  of  the  arm  that  places  A  on  the  boundary  of  S  but  not  on  a 

n  in 

basic  circle.  We  now  use  this  information  to  enumerate  the  possibilities  for 

the  configuration  of  the  arm  from  A.  to  A  .  Then  from  this  list  we  will  be 

o  m 

able  to  determine  the  additional  circles  that  are  needed  to  cover  the  boundary 

of  S  .  It  is  important  to  note  that  in  Figure  10*  u  can  come  before  or  after 
m 

x  and  y.  For  example*  u  can  correspond  to  A^  as  well  as  to  Aq. 

According  to  the  notation  we  have  been  using*  the  expression  LxyJ  denotes 
a  straight  line  of  links  betveen  x  and  y  whereas  the  expression  wx  denotes  an 
infinite  line  (not  necessarily  containing  any  links}  through  w  and  x.  Suppose 


the  line  vx  p«.ts««  through  C.  tf«  vill  say  that  LxyJ  lias  m dAX.  vx  if  LxyJ  and 
0  ara  on  opposite  sides  of  vx  and  that  LxyJ  lias  ihw«  vx  it  0  and  LxyJ  lie  on 
the  sa&a  side  of  vx.  (See  Figure  11.) 


Figure  11.  LxyJ  lies  "under*  line  vx  in  a)  and  "above"  vx  in  b). 
Theorem  i:  Suppose  an  arm  has  bean  aoved  to  a  configuration  that  places  A^  on 
the  boundary  of  S  •  but  not  on  a  basic  or  supplementary  circle.  Then  if  the 
final  segment  of  the  am  before  A  contains  more  than  one  link*  it  contains 

B 

one  of  the  configurations  shovn  in  Figure  12. 


L . 


lies 


Jonfiguration  1:  U -  .  I  AAVI 
>ff  the  diagonal*  ana1  A.  . 

.s  folded.  If  LA  A.J  lies  on 
.  then  A  does  dot  reach  A. 


Configuration  2:  L.  , 
lies  oft  the  diagonal1 


Configuration  3 


Configuration  4 


Configuration  10 


Configuration  9*  lienor  A.,  is  A 
or  A.  ,  is  «  fold  loading  to1  A  . 

Figure  12.  Tho  final  sognont  contains  aoro  than  ono  link.  flotation  is  tho 
sane  as  for  Fignro  10. 

Proof;  Since  A^  does  not  lie  on  a  basic  circle*  Aa  does  not  lie  on  C. 
Also*  Theorem  2  implies  that  there  is  sons  joint  strictly  between  A  and  A 

O  D 

that  lies  on  C.  Let  A<  be  the  last  such  joint.  Since  A  does  not  lie  on  a 

J  ■ 

supplementary  circle*  A^Aj .  so  l<j<n.  This  also  naans*  according  to  Theorsn 
A*  that  the  final  segnent  before  A^  cannot  lie  on  a  diagonal  of  C. 

We  will  break  the  proof  into  two  parts.  First  we  will  as  suns  that  the 
final  segnent  before  A^  has  a  fold  at  A^+^ »  and  second  we  will  assume  that  the 

final  segnent  is  a  straight  line  LA.A  J  consisting  ot  more  than  one  link. 

J  ■ 

(Bote  that  the  hypothesis  of  the  theorsn  rules  out  the  possibility  of  the 
final  segnent  consisting  of  a  single  link.) 

Proof  for  &AAA  SJL  A  iQltL  AL  A^j  In  £hA  f i n*  1  ««p«nf « 

First  suppose  that  A^  is  the  only  joint  strictly  between  Aq  and  Aa  that 
lies  on  C.  Configuration  1  of  Figure  12  cowers  the  situation  in  which  kQ  is 
connected  to  A^  by  a  straight  line  LA^A^J*  where  by  assumption  j>l.  This  is 
because  configuration  Za  of  Figure  10  cannot  be  a  configuration  in  the  arm*  so 
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LAgAjJ  suit  lie  either  on  or  beneath  tha  infinito  linn  A^A^.  It  LA^A^J  linn 

on  A.A.,.*  than  by  lib.  A.  don*  not  lin  between  A^  and  A. .  Also*  A„  don*  not 
j  jwi  *  o  j  o 

coincidn  with  A^  linen  A^  done  not  lin  on  a  basic  circln.  Configuration  2  of 
7igurn  12  eownri  thn  situation  in  which  A^  is  a  fold*  Thin  is  bnenuin  con¬ 
figurations  lib  and  lie  are  forbidden*  so  Lj  aunt  lin  on  thn  dingonnl  or  on 
the  opposite  side  of  thn  diagonal  tron  .  (Iota  that  either  Aq  or  A^  could 
corrnipond  to  u  in  coatignratioai  lib  and  lie.) 

Beat.  auppoan  that  A.  ia  not  thn  only  joint  between  Aq  and  A^  on  C*  so 
that  for  sene  i*  0<i<j*  LA^A ^ J  is  a  chord  of  C.  Since  lib  is  a  forbidden  con¬ 
figuration*  L A jA j J  cannot  lie  on  AjA^  •  Configuration  3  cowers  the  situation 
in  which  LA^A^J  lies  "shows"  A^A^ .  This  is  because  He  is  forbidden*  so 
LA^Aj J  cannot  lie  in  the  open  wedge  bounded  by  AjAj^  and  the  infinite  line 
OAj*  and  Ia  is  forbidden,  so  LA^A ^ J  nust  be  a  single  link.  Configurations  4 
and  3  cower  the  situation  in  which  LAjA^J  lies  "under"  line  A^A^+1 .  To  see 
this*  note  that  A^  and  Aj  cannot  lie  on  opposite  sides  of  OA^  because  III  is 
forbidden*  and  cannot  lie  abowe  A^Aj  because  lie  is  forbidden.  Then  note 
that  Aj_j  can't  be  a  straight  joint  because  la  is  forbidden.  Therefore* 
either  A^_^  *  Aq  v  Aj_^  is  a  fold*  as  in  configuration  3*  or  A^  lies  on  C* 
as  in  configuration  4. 


£eqa£  fax.  Aha  aam  oJL  a  nuALi&lerJLiBk  aazaasAL  lint  imi 


Because  la  and  lb  are  forbidden*  A^  cannot  be  ianediately  preceded  by  a 
multiple- link  straight  line.  Hence  either  A^  is  a  fold  or  A._^  lies  on  C. 
Let  us  consider  these  possibilities  separately. 

Configuration  6  cowers  the  situation  ia  which  A^  is  a  fold.  This  is 
because  Lj  nust  lie  in  the  closed  wedge  bounded  by  A^A^  and  OA^  as  la  is  for- 


lyp.’wTn 


bidden,  end  furthermore,  ee  we  ere  about  to  see*  L.  cannot  lie  on  or  on 

J  J  ■ 

OA,.  If  L.  lay  on  A. A  ,  then  A  would  hare  to  lie  on  A_  or  between  A.  and  A. 

J  j  J  •  ■  0  o  J 

becauee  lib  ia  forbidden.  But  thia  would  place  A  on  a  basic  circle.  It  L. 

*  J 

lay  on  QAj  with  0  between  Aj_j  and  Aj*  A.  would  be  fixed*  and  if  Aj_j  lay  at 
0  or  between  Aj  and  0*  Aj  would  not  lie  at  the  endpoint  of  an  are  of  k.* 
implying  that  A^  did  not  lie  on  the  boundary  of  Sa. 

Several  configurations  are  needed  to  cower  the  situation  in  which  Aj_^ 
lies  on  C.  Certainly  lj  lies  in  the  closed  wedge  bounded  by  A  and  OAj  in 
that  situation*  as  Ia  ia  forbidden.  There  are  two  cases  to  consider*  namely 
whether  A^_^  is*  or  is  not*  the  first  joint  past  AQ  on  C. 

Configuration  7  cowers  the  situation  in  which  A^  is  the  first  joint 
PMt  A0  on  C.  The  possibility  that  the  initial  segment  ia  a  single  link  or 
has  a  fold  at  A^_^  is  clearly  cowered.  The  only  remaining  possibility  ia  that 
the  initial  segment  is  a  multiple**  link  straight  line  U^A^J.  In  that  case 
LAoA._^J  must  lie  on  or  below  Lj*  because  Ia  is  forbidden.  Again*  conf igura- 
tion  7  applies. 

Vow  suppose  that  A^  ia  not  the  first  joint  past  AQ  on  C  so  that  for 
some  A^»  where  j-l>i>0,  LA^A^_^ J  is  a  chord.  Configuration  7  cowers  the  pos¬ 
sibility  that  Lj  is  a  diagonal  chord*  so  we  may  assume  that  Lj  is  oft  the 
diagonal  from  now  on. 

If  chord  LAjAj^J  lies  abowe  Lj*  then  it  must  be  a  single  link  since  Ia 
is  forbidden*  and  furthermore*  this  link  cannot  lie  in  the  open  wedge  bounded 
by  Lj  and  0Aj_^  because  lie  is  forbidden.  Bence*  configuration  8  cowers  the 
situation  in  which  LA^Aj.jJ  lies  abowe  Lj. 

Chord  LA.A.  cannot  lie  on  top  of  L,  because  L.  and  LA. A.  could  be 


rotated  about  tha  coincident  joint*  A-  and  A^  to  fora  a  fold  at  Aj_^»  vio Lat¬ 
ins  Theorea  3. 

The  last  possibility  is  that  LA. A.  . J  lies  beneath  L-.  Since  i>0*  there 

*  J  *  J 

is  a  link  to  consider.  Since  lie  is  forbidden*  cannot  lie  on  or  beneath 

chord  LAjA^J.  Therefore*  since  III  is  forbidden*  oust  lie  either  on  OA^ 
or  in  the  open  vedge  bounded  by  OA^  and  LA^A^_^ J.  Since  la  is  forbidden*  A^ 
cannot  be  straight*  so  either  A^_^  is  a  fold  and  configuration  9  applies*  or 
A^  lies  on  C  and  configuration.  10  applies.  U 

The  basic  idea  for  handling  configurations  1-10  of  Theoraa  5  is  this:  In 
each  case*  ve  will  show  that  there  are  only  a  constant  nuaber  (independent  ot 
the  am)  of  possibilities  for  A.*  the  last  joint  before  A  on  C.  Then  a  con- 

J  * 

stant  nuaber  of  circles*  at  aost  8  for  each  choice  of  Aj*  can  be  added  to  the 

basic  and  suppleaentary  circles  to  fora  a  collection  that  covers  the  boundary 

a 

of  S  .  This  is  because  A  anet  lie  on  a  circle  of  radius  either  2  1.  or 

B  ksj+1  * 

a 

1. . ,  -  2  1.  about  A.*  and  A.  aust  lie  at  one  of  the  endpoints  of  R.*  of 

J  1  fc*j+2  J  J  J  J 

which  there  are  at  aost  four.  The  possibilities  for  A^  will  be  deterained  by 

inequalities  involving  the  link  lengths  that  can  only  be  satisfied  in  a  few 

vays.  Ve  have  already  seen  a  siaple  exaaple  of  this  in  configuration  7. 

There*  either  Aj  is  the  higher  nuabered  endpoint  of  the  last  link  ot  longest 

length  before  A,  v  A.  is  the  next  joint  after  that  endpoint.  For  several 
a  j 

of  the  configurations*  ■oaevbat  aore  coaplicated  length  inequalities  will  gen¬ 
erate  the  possibilities  for  Aj.  The  next  three  lianas  will  be  used  to  find 
the  additional  inequalities  that  are  needed. 

ldMBh  &s  Consider  a  configuration  of  straight  lines  of  links  LvuJ  and  LvwJ 
joined  at  v  and  constrained  to  aove  inside  circle  C*  where  v  is  on  C*  vu  does 
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not  lit  on  the  diagonal  through  v,  and  LvwJ  liaa  btnaath  vu.  Joint*  u  and  w 
■ay  or  aay  not  lit  on  C.  (Figurt  13  shows  that  the  airror  iaagt  of  LvuJ  and 
LvwJ  with  rtaptct  to  tht  lint  through  u  and  v  nttd  not  lit  inaidt  C. )  If 
I  LvwJ  I  h  2 1  LvuJ  I*  than  tht  location  of  aithtr  tndpoint  of  tht  configuration 
can  bt  kept  fixed  while  LvuJ  and  LwJ  art  aovtd  to  thtir  airror  iaagt*  with 
rtaptct  to  tht  lint  dataxainad  by  tht  initial  location*  of  u  and  v.  During 
this  notion*  tht  diatanct  froa  tht  moving  tndpoint  to  C  can  bt  kapt  within  its 
initial  value. 


a)  b) 


Figurt  13.  LuvJ  lit*  off  tht  diagonal.  In  a)»  tht  airror  iaagt  fall*  out* 
•idt  C  wharaa*  in  b),  tht  iaagt  lit*  insidt  C. 

Proof:  It  is  aasy  to  sat  that  tht  airror  iaagt  of  tht  configuration  with 
rtaptct  to  tht  lint  uw  lit*  within  tht  circlt  with  v  off  C  if*  and  only  if.  v 
and  0  lit  on  oppoaita  aidt*  of  uw,  so  that  viw  intersect*  Or  at  a  point 
strictly  between  v  and  0.  Vt  will  first  show  that  I  LvwJ  I  h  2 1  LvuJ  I  forca* 
this  situation  to  occur*  and  then  wt  will  show  that  the  configuration  can  bt 
■owed  to  it*  airror  iaagt  while  either  tndpoint  is  bald  fixed  and  the  othar  i* 
kept  within  the  proper  distance  froa  C. 


ifiuu  now  that  ILvwJI  2  2ILvuJ|.  Wo  wane  to  show  that  uw  intarsacta  Ov 
at  a  point  strictly  batwaan  v  and  0*  For  notationai  convenience,  wa  will 
think  of  0  as  lying  at  tha  origin  of  a  Cartesian  coordinate  system  with  v  on 
the  negative  horizontal  axis  at  (-r.O).  P  will  denote  tha  point  (r*0).  Mote 
that  Ov  is  tha  horizontal  axis. 

Suppose  that  uw  has  non-negative  slope.  If  it  intersects  the  horizontal 
axis  0v»  it  does  so  to  the  right  of  v.  Then  if  uw  is  parallel  to  Ov  or  if  it 
intersects  Ov  at  P  or  to  the  right  of  P*  the  perpendicular  froa  v  to  uw  meets 
uw  on  or  outside  C.  Consequently  ILvwJI  <  ILvuJI,  a  contradiction. 

Consider  a  line  M  with  positive  slope  that  intersects  Ov  at  0  or  between 
0  and  P.  If  u  and  w  are  placed  on  this  line  to  minimize  the  ratio  of  ILvuJI 
to  ILvwJI*  then  u  lies  at  the  intersection  of  M  with  the  perpendicular  from  v 
and*  since  vw  lies  under  vu*  w  lies  at  the  point  Q  where  M  meets  C.  (See  Fig¬ 
ure  13.)  Hence  we  want  to  sunimize  the  sine  of  the  angle  between  M  and  vQ* 
where  Q  is  on  C.  For  any  given  Q»  the  optimum  choice  for  M  is  the  vertical 
line  through  Q  if  Q  is  in  the  fourth  quadrant*  and  is  the  line  0Q  it  Q  is  in 
the  third  quandrant.  Among  the  vertical  lines  and  the  lines  through  0*  the 
minimum  ratio  is  achieved  by  the  vertical  line  through  0.  Hence*  the  ratio  of 
ILvuJI  to  ILvwJI  is  at  least  1/\)Z.  so  ILvwJI  *  \|Z  ILvuJI*  a  contradiction. 

Rext*  suppose  that  uw  has  negative  slope*  so  it  intersects  Ov  to  the  left 
of  P.  If  the  intersection  lies  outside  C*  then  ILvuJI  >  ILvwJI*  a  contradic¬ 
tion.  The  intersection  cannot  occur  at  v  since  vu  and  vw  do  not  lie  on  top  of 
one  anoeher.  It  the  point  of  intersection  lies  at  0  or  to  the  right  of  0* 
then  ILvuJI  2  r  and  ILvwJI  <  2r*  so  ILvwJI  <  2 ILvuJI.  a  contradiction.  This 
completes  the  proof  that  ILvwJI  2  2 ILvuJI  implies  that  uw  intersects  Ov  at  a 
point  strictly  between  v  and  0  and  hence*  that  the  mirror  image  of  the 


configuration  lies  in tide  C  with  v  not  on  C. 

Nov  vo  nood  to  ihov  that  vhon  ILvvJI  2  2ILvuJ|,  tho  configuration  can 
roaeh  ita  mirror  imago  inside  C  by  motions  that  keep  tho  moving  ondpoint 
within  ita  initial  distance  from  C. 

First*  suppose  that  v  is  to  bo  hold  fixed  during  tho  motions.  Rotate  tho 
lino  of  links  LvuJ  about  v  down  to  LwJ*  moving  u  closer  to  C.  Then  force  u 
to  retrace  its  path  back  to  its  original  location  but  move  LvvJ  to  the  other 
side  of  LvuJ*  so  that  LwJ  rotates  to  its  mirror  image  position.  Note  that 
the  distance  between  u  and  C  never  exceeds  its  initial  value  during  these 
motions. 

Finally*  suppose  that  u  is  to  be  held  fixed  during  the  move  to  the  mirror 
image.  Note  that  ILvuJI  <  r  since  ILw]|  «s  2 1  LvuJ  I .  Rotate  LwJ  about  v  so 
that  v  moves  away  from  0  down  to  C.  Then  fold  joint  v  while  simultaneously 
rotating  the  configuration  about  u  to  keep  v  on  C.  Note  that  v  is  constrained 
by  LvuJ  to  remain  within  distance  2 1 LvuJ I  of  C  so  that  w  can  stay  on  C  until  v 
folds.  Then  force  v  to  retrace  its  path  back  to  its  original  location  but  move 
LwJ  to  the  other  side  of  LvuJ.  U 

Lamm  L:  Suppose  that  u*  v»  and  v  are  joints  lying  on  circle  C  that  are  con¬ 
nected  by  straight  lines  of  links  LuvJ  and  LwJ*  and  that  either  LwJ  lies 
under  LuvJ  or  v*v  so  that  LwJ  contains  no  links.  Also  suppose  that  LwxJ  is  a 
straight  line  of  links  connecting  v  to  a  joint  x  that  lies  on  C  above  LvvJ  and 
on  the  opposite  side  of  Ow  from  u.  Then  if  I  LuvJ  I  ♦  I  LwxJ  |  d  d*  the  confi¬ 
guration  between  u  and  x  can  be  moved  to  its  mirror  image  with  respect  to  the 
line  determined  by  the  initial  locations  of  u  and  x  without  ever  moving  u  or 
removing  x  from  C.  (See  Figure  14. J 


r 
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Figure  14.  ICuyJI  +  ILwxJI  4  d. 

Proof  :  Suppose  that  I  LuwJ I  ♦  ILwxJI  S  d.  Then  ux  lies  between  uv  end 
Ou.  so  the  nirror  insge  of  the  configuration  lies  inside  C  with  the  ranges  of 
w  and  w  off  C. 

The  original  configuration  can  be  nowed  to  a  position  in  which  u.  w,  v, 
and  z  are  collinear  and  w  sad  w.  if  distinct*  are  folds.  This  can  be  done  in 
the  following  way.  If  w*w.  aiaply  straighten  the  joint  w  while  keeping  u 
fixed  and  sowing  x  around  C.  If  w  *  ▼*  fold  w  while  keeping  u  fixed  and  sow¬ 
ing  w  and  x  around  C.  (This  causes  LuwJ  to  rotate  about  u.)  Seat,  keeping  w 
folded*  fold  w  while  nowiag  x  around  C  and  rotating  LuwJ  about  u.  This  brings 
the  joints  to  the  desired  collinear  configuration.  The  fact  that  I  LuwJ  I  + 
ILwxJI  s  d  guarantees  that  these  notions  can  be  aade  and  that  x  does  not  cross 
Ou. 


Rote  that  at  each  sonant  during  the  notions  just  described*  the  nirror 
inage  of  the  configuration  with  respect  to  the  sowing  line  ux  lies  inside  C. 
lance  the  notions  induce  legal  notions  of  the  nirror  iaage  of  the  initial  con¬ 
figuration  that  carry  the  nirror  isage  to  the  configuration  in  which  u*  w*  w* 


v  v.%'  *«v%  /•  /  .*•  /  .*•  .*•  .*•  .*•  s'*  .*•  /->  *V-** 


and  x  art  coi linear.  Ease a  Cha  airror  image  of  the  original  configuration  can 
ba  reached  b y  wring  to  the  col linear  configuration*  where  the  joints  coincide 
with  their  images*  and  then  reversing  the  induced  wtion  of  the  mirror  image. 
U 

Lawn  &:  f appose  that  a*  v,  «  and  x  satisfy  the  hypotheses  of  Lanaa  7  •  except 
that  x  need  net  lie  on  C.  Than  at  least  one  of  the  following  conditions 
holds: 

i)  ILtfvJI  >  rt 

ii)  llwxJI  >  rt 

iii)  The  configuration  can  be  mowed  to  its  mirror  image  with  respect  to 
the  line,  through  the  initial  positions  of  u  and  x  while  u  is  held 
fixed  and  x  is  kept  within  its  initial  distance  from  C. 

iv)  The  contiguratiou  between  v  and  x  can  be  moved  to  its  mirror  iaege 
vith  respect  to  the  line  through  the  initial  positions  of  v  and  x 
while  u  and  v  are  held  fixed  and  x  is  kept  within  its  initial  dis¬ 
tance  from  C. 

Proot :  We  will  show  that  iii)  or  iv)  holds  when  i)  and  ii)  do  not.  Rote 

that  if  ILuvJI  s£  r  and  ILvxJI  dr*  then  the  airror  images  of  v  and  v  vith 

respect  to  the  line  through  the  initial  locations  of  u  and  x  lie  strictly 
inside  C. 

First*  suppose  that  ILvxJI  >  ILvvJI.  Then  IvxJ  can  be  rotated  about  w  so 

that  x  moves  away  from  0  until  x  reaches  C.  Rote  that  this  induces  a  legal 

wtion  of  the  mirror  image  of  the  configuration.  By  Lemma  7*  the  airror  image 
of  the  configuration  between  u  and  x  vith  x  on  C  can  be  reached.  Finally*  the 
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rmrM  of  the  induced  motions.:  can  be  applied  to  carry  the  configuration  the 
reat  of  the  way  to  ita  initial. mirror  image. 

Next*  suppose  that  ILvxJI  d  ILwJI  and  that  LvxJ  crosses  luvj.  Rotate 
LvxJ  about  v  until  x  reaches  Luvj,  and  note  that  the  mirror  image  with  respect 
to  ux  stays  inside  C.  Hence  it  suffices  to  show  that  the  present  configure** 
tioa  with  x  located  on  Luvj  can  be  moved  to  its  mirror  image  with  respect  to 
Luvj.  But  u»  v*  and  x  already  coincide  vith  their  mirror  images*  so  ve  only 
need  to  move  v  to  its  image.  To  do  this*  fold  v*  moving  x  to  LwJ.  Then  make 
x  retrace  its  path*  but  vith  LvxJ  crossed  over  to  the  other  side  of  LwJ  so 
that  v  vill  reach  the  image  of  its  initial  position. 

Finally*  suppose  that  ILvxJI  d  I  LwJ  I  and  that  LvxJ  does  not  cross  Luvj. 
Rotate  LvxJ  about  v  so  that  x  moves  closer  to  C  until  x  reaches  LwJ.  Then 
force  x  to  retrace  its  path*  but  vith  LwJ  crossed  over  to  the  other  side  of 
LvxJ.  U 

«# 

The  heart  of  the  proof  of  the  next  theorem*  vhich  is  the  main  result  of 
this  section*  uses  Lammas  6-8  to  sbov  that  configurations  1-10  of  Theorem  5 
generate  only  a  constant  number  of  circles  to  be  added  to  the  collection  cov¬ 
ering  the  boundary  of  S  . 

m 

Thmarmm  If  1^  is  a  non- fixed  joint  of  an  arm  confined  to  move  inside  a 
circle  C*  then  the  boundary  of  Sb  can  be  covered  by  a  finite  collection  of 
circles.  This  collection  contains  at  most  148  circles  and  can  be  determined 
in  p(m)  time*  vhere  p  is  a  polynomial  in  m. 

Proof ;  it  follovs  from  Theormi  3  that  the  boundary  of  $B  can  be  covered 
by  a  collection  of  circles  consisting  of  the  basic  circles  (at  most  4)*  the 
supplementary  circles  (at  most  4)*  and  circles  of  radius  1B  centered  at  the 
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endpoints  of  R  ,  (at  most  4)  together  with  circles  covering  configurations 
1*10.  In  configurations  1*5*  A  lies  on  a  circle  of  radiuw  1  -  ILA.^.A  Jl 

flU  ,]▼!  J^I  u 

centered  at  the  endpoint  of  an  arc  of  R.»  where  A.  is  the  last  joint  on  C 
between  A  and  A  .  In  configurations  6*10*  A  lies  on  a  circle  of  radius 

OB  B 

I  LA  .A  J|»  where  A.  has  the  seme  definition.  Thus  each  possibility  for  j  in 
J  ®  J 

each  of  the  configurations  gives  rise  to  at  nost  four  new  circles  to  add  to 
the  collection  because  Rj  has  at  nost  four  endpoints.  Therefore*  it  suffices 
to  show  that  the  total  msnber  of  possibilities  for  A^  is  small*  and  that  these 
possibilities  can  be  determined  in  polynanial  tine.  We  will  do  this  one  con* 
figuration  at  a  time. 

In  what  followe*  we  will  say  that  a  link  index  is  feasible  with  respect 
to  a  set  of  inequalities  if  the  corresponding  link  provides  a  solution. 

Configuration  1:  If  LAqA^J  lies  on  L^+1  then  A^  must  lie  on  a  basic  cirlce. 

If  LAA.J  does  not  lie  on  L.^,*  then  Lemma  6  implies  that  I  LA  A.JI  <21.^.. 
o  j  J+1  o  j  j+1 

Of  course  >  ILA^+jAfflJ|.  If;  there  are  solutions  to  these  inequalities* 

let  s  be  the  smallest  feasible  choice  tor  index  j.  It  is  easy  to  check  that 
there  can  be  at  most  one  feasible  choice  for  j  that  is  larger  than  s.  Thus* 
there  are  all  together  three  possibilities  for  Aj  in  configuration  1. 

Configuration  2:  The  last  link  of  longest  length  betveen  Aq  and  A^  must  be 
either  Lj  v  Lj+j,  so  there  are 'at  most  two  choices  for  A^. 

Configuration  3:  Lama  8  implies  that  1^  +  1^+1  >  r.  and  of  course 

d  >  1...  >  ILA...A  J|.  If  there  are  solutions  to  these  inequalities*  let  z 
j+i  j+i  m 

be  the  largest  feasible  choice  for  index  j+1.  Then  note  that  there  can  be  at 
most  three  feasible  choices  for  j+1  that  are  smaller  than  z»  giving  a  total  of 
four  choices  for  A^. 


Configuration  4:  The  number  of  choices  for  the  pair  of  indices  i,j+l  is  at 

most  m  choose  2.  and  of  course  1.^,  >  ILA.^.A  J|  and  1.  >  f  LA.  A .  J I  • 

j+i  j+i  m  i  i  j 

First,  suppose  that  1^  >  r.  and  if  there  are  solutions  to  the  inequali- 
ties  including  this  new  one.  let  s  be  the  smallest  index  such  that  for  some  t» 
the  pair  s.t  is  a  feasible  choice  for  i.j+1.  Note  that  there  can  be  at  most 
three  links  beyond  Lfl  that  are  longer  than  r.  Hence  there  are  at  most  four 
feasible  choices  tor  i.  But  choosing  a  value  for  i  leads  us  back  to  confi¬ 
guration  1.  so  there  are  at  most  twelve  choices  for  j  if  1^  >  r. 

Next,  suppose  that  S  r  and  that  >  r.  Since  r  k  1^  >  ILA^JI 

and  Vi >  ILAj+1AnJ|,  must  be  the  unique  link  of  longest  length  between 

Aj_£  and  A^.  If  there  are  solutions  to  the  inequalities,  including  1^  d  r 

and  St  r.  let  s  be  the  smallest  index  such  that  for  some  t.  the  pair  s.t 

is  a  feasible  choice  for  i.j+1.  We  have  just  noted  that  choosing  i  *  s  forces 

j+1  =  t.  Now  note  that  any  other  feasible  choice  for  i  between  s  and  t  also 

forces  j+1  =  t.  Since  there  can  be  at  most  one  link  in  LA..  .A  J  that  is 

j+l  m 

longer  than  r.  there  can  be  at  most  one  more  choice  for  j+1.  Hence  there  are 
at  most  two  choices  for  j  if  1^  <  r  and  >  r. 

Lemma  7  rules  out  the  last  possibility*  that  lx  a*  r  and  1^+1  S  r»  so  all 
together  there  are  at  most  12+2-14  choices  for  A^. 

Configuration  S:  Let  L  denote  the  link  of  maximum  length  between  A  and  A 

o  m 

that  has  highest  index.  Then  either  L  =  L^  or  L  belongs  to  IAJLJ  or  L  = 
L^.  The  possibility  that  Aj  is  the  lower  numbered  joint  of  the  last  link  of 
longest  length  was  already  taken  into  account  when  configuration  1  was  con¬ 
sidered.  The  possibility  that  L  *  l.  or  that  L  belongs  to  LA^AjJ  can  be  han¬ 
dled  by  returning  to  configuration  1  and  letting  the  endpoint  of  L  with  the 


higher  index  play  the  rola  of  AQ.  This  generates  at  moat  tvo  possibilities 
for  Aj  because  LA^A^J  cannot  lie  on  Lj+1  in  configuration  5. 

Configuration  6:  According  to  Leans  6*  I  LA  .A  J I  <  21.  •  and  of  course* 

j  «  i 

1-  >  I  LA  A.  ,J|.  If  there  are  solutions  to  these  inequalities*  let  s  be  the 
J  0  J*1 

smallest  feasible  choice  for  index  j.  Then  it  is  easy  to  see  that  there  can 
be  at  nost  one  feasible  choice  for  j  that  is  greater  than  s.  Hence  there  are 
at  nost  tvo  choices  for  Aj. 

Configuration  7:  There  are  tvo  choices  for  Aj.  Aj  could  be  the  higher  indexed 
endpoint  of  the  highest  indexed  link  of  longest  length*  or  Aj  could  be  the 
next  joint  after  that. 

Configuration  8:  According  to  Lanas  7*  +  lj  >  d,  and  of  course 

lj  >  I LAJ^J  I .  If  these  inequalities  can  be  satisfied*  then  consider  the 

largest  feasible  choice  for  j*  and  note  that  there  can  be  at  nost  one  smaller 
feasible  choice. 

Configuration  9:  The  longest  link  thet  has  the  highest  index  is  either 
L.  v  L^.  The  first  possibility  vas  handled  in  configuration  7.  In  the 

second  possibility*  Aj  is  uniquely  determined  by  the  fact  that  Lj  is  the  long¬ 
est  link  after  A^. 

Configuration  10:  According  to  Lesma  7*  ^  +  lj  >  d.  Of  course* 
1.  >  ILA.A  J|.  1.  >  I  LA.  A.  ,J|*  and  1.  >  ILA.A.  ,  J I  •  If  these  inequalities 

j  j  n  j  i  j-i  i  i  j-i 

can  be  satisfied*  let  s  be  the  smallest  feasible  choice  for  i*  and  let  t  >  s 
be  a  feasible  choice  tor  j  vhen  i  *  s.  Note  that  t  is  determined  by  the  fact 

that  L.  nust  be  the  longest  link  betveen  A.  and  A  .  All  feasible  choices  for 

j  In 

i  betveen  s  and  t-1  force  j  *  t.  Since  1^  ♦  lj  >  d*  there  can  be  at  nost  one 

more  feasible  choice  for  i»  namely  i  *  t*  and  then  the  j  is  again  uniquely 


determined*  In  ail*  there  ere  two  possibilities  for  j .  U 

The  total  number  of  choices  for  Aj  is  at  most  34*  and  since  Rj  may  have  as 
many  as  four  endpoints*  this  generates  at  most  136  circles.  There  were  at 
most  12  circles  initially*  so  the  total  number  of  circles  needed  is  at  most 
148.  U 

The  bound  of  148  is  very  generous.  The  important  point*  though*  is  that 
the  bound  does  not  depend  on  the  arm. 
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